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Abstract-Using an integral formulation, the three-dimensional flelture problem of an elastic plate
bounded by the surfaces;: = ±h and containing a through-the-thickness finite crack is reduced to
a dual integral equation, which in turn is solved for the unknown function. The analysis shows that.
in the interior of the plate. only the stresses (1". (1... (1" and Tn are singular of the order (1/2) and
that the angular distribution is precisely the same as that of the corresponding stretching problem.
Furthermore. the stress intensity factor is shown to be a function of;: as well as a function of the
crack to thickness ratio (c;h). The two-dimensional solution is also reduced as the Poisson's ratio
v-o.

I. INTRODUCTION

rt is well known that the classical theory of bending of thin elastic plates permits the
satisfaction of fewer boundary conditions along the edges of a plate than can in reality be
prescribed. For instance. along a free edge. only two boundary conditions may be enforced.
i.e. the simultaneous vanishing of the bending couple and the equivalent shear (Kirchhoff.
IX50). A more relined. yet still approximate theory was introduced by Reissner (1945)
who. assuming that the bending stresses are distributed linearly over the thickness of the
plate and using Castigliano's theorem of least work. was able to obtain a system ofequations
which take into account also the transverse shear deformability of the plate. This theory is
free of some of the limitations of the classical theory for it permits the satisfaction of three
bound~lry conditions along the t:dge of tht: platt:.

Applications of Reissner's bending theory havt: been made to certain classical problems
including that of tht: strt:ss concentration at a circular hole in an infinitt: plate under tkxure
and torsion. It was found that, for a wide range of values of the ratio of the diameter of
the hole to the thickness of the plate, the numerical results differ considerably from those
obtained in the classical theory. However, as Reissner remarks. an exact estimate of the
accuracy of the numerical results is not possible unless the exact three-dimensional solution
is known.

In view of some recent developments (Folias, 1975), the author in this papert discusses
the bending of the elastic plates from a three-dimensional point of view. Specifically.
Navicr's equations for the bending of a plate containing a through-the-thickness plane
crack are solved.

Considerations of the bending of thin plates containing cracks have been reported by
Williams (1957) and Knowks and Wang (1960), In the former reference the bending has
been studit:d on the basis of classical bending theory, and in the latter on the basis of
Reissner bending theory.

2. FORMULATION OF THE PROBLEM

Consider the equilibrium of a homogeneous, isotropic, linear elastic plate which occu­
pies the space Ixl < 00. Lvi < 00, Izi ~ h, and contains a plane crack in the x-z-plane. The
crack faces. defined by Ixl < c. y = ot. Z ~ h and the plate faces Izi = h are free of stress

t The contents of this paper are based on a report which the author completed in 1975.
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Fig. I. Geometrical and loading configuration.

and constraint (see Fig. I). The plate is to be loaded by a constant bending movement M o
at points far away from the crack.

In the absence of body forces, the coupled differential cquations govcrning the dis­
placemcnt functions u. (I and w arc:

m (17 17 0) ,._._-- -. -', -. O+V'(u,v,w) = 0
m-2 ox oy 17=

where

ou iJv Oil'
O=~~+--+

- iJx oy 0= '

V2 is the Laplacian operator, m == Ilv and v is Poisson's ratio.
The stress-displacement relations are given by Hookc's Law as:

(1)-(3)

(4)

(1u = 2G[~~ + _!~jJ, ... ,ux m _ [
iJ/I h-Jrev = G ;:;-. + -.-- ,.... uy ex

(5)-(10)

As to boundary conditions, one must require that at

Ixl < c, y = O±, 1=1 ~ II: r. y = r
"

= (1.}" = 0

1=1=11: r.,=r..,=(1,,=O

(II)

( 12)

r,,p = r" = O. ( 13)

In addition to the boundary conditions (11)-(13) it is required that u, v, I\' and all their
partial derivatives be continuous for all x, y and 1=1 ~ II except for the points on the plane

c < x < c. y = o. 1=1 ~ II.
It is found convenient at this point to seek the solution to the crack plate problem in

the form



Three-dimensional bending theory of cracked plates

u = ufP) + ufe) etc.
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where the first component represents the usual 'undisturbed' or 'particular' solution of a
plate without the presence of a crack. Such a particular solution may easily be constructed
and for the particular problem at hand is

(P) 3 m-I Afo
v =4m+lhJGYz

(P) 3m-IMo •• 3 I .'.,[0.
w = - - -- -,-(x·+r)- - -- -,-z·

8m+lh-G 4m+lh-G
(14)

3. MATHEMATICAL STATEMENT OF THE COMPLEMENTARY PROBLEM

In view of eqn (14) we need to find three functions ul<l(x.y,z). t,ecl(X,y,Z) and
11'«)(.\"• .1'. =). such that they satisfy the partial differential equations (I )-(3) and the following
boundary conditions:

at Ixl < c. y =ot.
3 Mo

I-I ~ I,' rIc) - red - 0 ...lcl - - ~ •
- ""'" • .f)' - y: - , v .•..•• - -:2 hJ .. , (15)

at Izi = h: r~l = r~~) = (1~~) = 0;

at Iyl = ot and all x: r~7 = r~~) = 0;

.It r -+ 00: U(d. v(c) and wlc) must vanish.

( 16)

(17)

(18)

4. METIIOD OF SOLUTION

In constructing a solution to the system (1)-(3) we use the method introduced by Lur'e
(1964), which leads to the following ordinary differential equations with respect to the
independent variable z.

2(m - I) d1
w('-) (m ) dlllc) (m ) dv

lc
) ,--- -,- + ·_-iJ, - + --iJ, - +O·wlc) = 0

m-2 d=· m-2 d= m-2· dz •

where the symbols of differentiation

(19)

(20)

(21 )

are to be interpreted as numbers. Integrating the above system subject to the values which
the complementary displacements attain on the middle plane == 0, i.e.
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utel = O. C'" = O.

after some simple calculations one has
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dc'"
= r;). :: = O. (22)

lei _ sin (::0), . m [sin (::0) :: cos (.::O)J '
u - 0 Ul)- 4(m-l) oj - Dc CIOO

rid _ ~n (::0) r' ~ __ [~~ (.::0) _ .:: cos (::O)J C /)'
- 0 l) 4(m _ I) oj O~ c 0

where

(23)

(24)

(25)

(26)

It may hc notcd that u;,. 1';, and 11'0 arc arhitrary funl:tions of x and y to bc detcrmincd.
Moreover. in interpreting the opcrators ws (::1), and (I/O) sin (::D), onc must expand
thcm in powcrs of (::D);. whcrc thc dillcrcntial opnators (::D);" now act on thc unknown
funl:tions u;,(x,y). l';,(x,y) and wo(x.y).

Using thc expressions (23) (26) and the formulac for Hookc's Law, thc strcsscs on
any planc pcrpendinllar to thc .::-axis hCl:olllc

I 1<1 _ • • _ .' l. m:: sin (.::0) 1 '
.!,:-I:OS(_O)(lo+I.;lI o)-.., [ --c;Oo

(/ ..(m -I) )

I [m-2 sin (.::0) m ]
a:'~1 = - 20 sin (::O)II'u - +:: ws (.::0) Ou

C -. 2(m-l) 0 2(m-l)

and boundary condition (16), therefore, takes the form

where thc d,. dcnotc the diffcrential operators

mh sin (hO) ~,
d ll = cos (hO)-- I.'j

2(m-l) 0

mh sin (hO)
d I; = - ---- ---- .-.._-_... - iJ I iJ,

2(m-l) 0 '

mh sin (hO) ,
d(J = cos (hO)iJ l + 2('-;/=1) --b---- O'CI

(27)

(2~)

(29)

(30)
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_ mh sin (hD) c c
d: , - - 2(m-l) D I:

mh sin (hD) ~,
d" = cos (hD) - c;

-- 2(m-1) D -

mh sin (hD) , ~
d:J=cos(hD)c:+ 2(m_l) D D-c:

[
m-2 sin (hD) mh ]

d J, = - 2(m-l) --D- + 2(m-l) cos (hD) CI

[
m-2 sin (hD) mh ]

d J: = - 2(m-l) D + 2(m-l) cos (hD) 0:

2-3m mh,
d JJ =2( I Dsin(hD)+,( I)D-cos(hD).m-) _m-
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(31)

Using now the fact that the differential operators 01' c:, D: obey the same formal rules
of addition and multiplication as numbers. one can deduce that

II;) = X,(x,y)

v;) = X:(x,y)

where the unknown functions XI. X:, XI satisfy the ditrerential relations

Qx, = 0, i = 1.2. 3

and the operator Q is defined ast

(32)

(33)

d
'J

[ ]_~ : _ sin (2hD) ,.
d: J - I D I ("J D cos (hD).m- .£.1 )
d n

(34)

By expanding the operator Q in powers of (liD). one notices that the first term leads to the
governing equation of classical bending theory while the inclusion of the second term leads
to the well known Reissner bending theory.

It remains. therefore. for us to construct a solution to the differential equations (33),
which in turn will give us II~, v~ and wo.

Using a Fourier integral transform, we construct next the following integral rep­
resentations for II~. v~, Wu which have the proper symmetrical behavior at infinity.:

(35)

tit m:IY be noted that this is a necessary and sufficient condition for the system (30) to have a solution. The
question of completeness will be addrcs.~ed at a later time.

t By direct substitution. one can easily verify that eqns (35)-(37) represent solutions to the differential

equation (33). First compute D1U~. Du~:'. etc. and then sum up the resulting series. The question ofcompleteness
will be discussed later.
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+ f S~Cl e-":·";:'i} cos (xs) ds (36)
n= 0

+Jil S~'1 e ,".';1 r 1} cos (xs) ds (37)

where the ± signs refer to y > 0 and y < 0 respectively.

and II, arc the roots of the equation

(n = O. I. 2.... )

sin (2//,11) = (2/1,11). (38)

Equation (38) has an infinite number of complex roots which appear in groups of four, one
in each quadrant of the complex plane and only two of each group of four roots are relevant
to the present work. These arc chosen to be the complex conjugate pairs with positive parts.
The only real root /1, = 0 must be ignored.

Finally. for the expressions (35)-(37) to represent the solution of the system (30) one
must furthermore require that the unknown functions PI. QI. R;'l. S~I) etc., must satisfy
the additional relations

Q C = - Q I • sQ J = Q I • s( P I + Pc) = Q I •

2m ,
PI -sP] = - --·-I·/n·Q,

m-
(39)-(42)

(43)-(45)

(46)-(47)

[

fll , ] ] m - 2 [ fll , ] R,1+--- cos- ((I,ll) R;) = 1+ cos- ({J,II)···.
:2 - 3m 3m - :2 m - :2 s

(48)

In order to facilitate our subsequent discussion, it is found convenient at this stage to
summarize our results. Defining

):1'1+"11"; R, sin ({I,ll)r =----_. .'_.-
, - [3m-:2-m cosc ({J)I)] 1/,11

(49)

one may now write the complementary displacements and stresses in the forms below.
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(i) Complementary displacements

+ f fJr. cos (fJ.h)[(1m-1-m cos1 (fJ.h» sin (fJ.:) +mfJ.: cos (fJ.:)l
..... I v
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- f rp' cos (fJ.Iz)[(2m-2-m cos1 (fJ.h» sin (fJ.=)+m{J.: cos (fJ.:)J
11",.; f S-ll

i"{[PI 2m., I, QrJ t'lWkl "" ---+----lrQr- z-Q,+IJ'I- c ,.
II ,v m-I m-I s

'" [+ L . cos (f1)/)[(m-2+m cos2 ({I.Il» cos (fl.=)+m{I.: sin (fl.:)]
.~ I S

itO {2(m-2) 00 p.r. .
Old"" :Q r e -sll'l - 2(m - 2) L - cos (fJ.h) Sin (fl.:)

II m-I .~I s

x~} cos (xs) ds. (53)
r+fJ;

(ii) Complementary stresses

it") i"l'; x. fJ r
~G:: = -m L~ cos (fJ.h){cos2 (fJ.h) sin (fJ.:)-fJ.: cos (fJ.:)}
- 0 .-1 S

00

+2m L [. cos ({J.h)[sin 2 (fJ.ll) cos (fl.:) - fJ.: sin (fJ.:)J
.- I
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- 2m ~ r, cos (P,h)[sin: (P,h) cos (P,::) - {3,:: sin ({3,::)]
,- \

+2J, ~,' cos (p,h)((2m-2-m cos: (P,h» sin (fJ,::)+mfJ,:: cos (P,::)]

-,~ii;I'1 ~ S.'n . ( _)(2S:+X;) ".;";~;I'!}SI'n('\'S)d"xc - L. _. Sin ::Cn~ .----~ C ' "
,,= II :l" S

(56)

(57)

r../I, . C ", '/1;'1,1

- 2 ~ ws (/I,.h) sin ({I,::)
,_I S jl':+{I;

, r
- ~ '1" cos ({1,Iz)[(7.m - 7. -m cos: ({I,h» sin (fl,::) +m{I,:: cos (/I,::)]

.,-/.\ )v

, r II c', ,'rp;I .. !

- 2 L "cos (fl,h) sin (fl,::)
,-I s ).\:+11;

~ r, ,+ L. -:--IF cos ({1)/)[(2m-2-m cos- (//,h» sin (fl,::) +mIl,:: cos (fJ,::)]
\I~ 1.\ y

(5X)

(59)

By direct substitution, it can easily be ascertained that the above complementary dis­
placements satisfy Navier's equations and furthermore, the corresponding stresses (j~~l. r~~l,

r:~) do vanish on the plate faces:: = ± h. Moreover, for future applications. the solution
may be put in a more convenient form. sec Appendix B.

It is appropriate at this time to examine the question of completeness of the above
eigenfunctions. This matter has been investigatedt by Wilcox (1978) who, using a double
Fourier integral transform in x and y and the subsequent use of a contour integration,
arrived precisely at the same eigenfunctions as those obtained in the above analysis. This
established. therefore. the fact that the above eigenfunctions do indeed constitute a complete
set.

Finally, if we consider the following two combinations to vanish (sufTicient conditions)

tIn 1977. the author used the ~Ime idea to show that the set of eigenfunctions was indeed complete. Seeking.
however. an independent opinion. he posed the question to Prof. Wiko~.
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2m f ~. cos (P.h)[ -cos" (P.h) sin (P.=)+P.= cos (P.=)]
v_I p.,S
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and

for all 1=1 ~ h. then two of the remaining stress boundary conditions are satisfied auto­
matically. i.e.

r~? = r~~) = 0 for all x. Izi ~ hand y = O.

We may now combine eqns (60) and (61) to obtain

" rL --"- cos (f1,h)[(2m-2+m cos2 (/l,h» sin (/l.Z)-III/l,Z cos (fl,z»)
,~I II.

-111 f ~;/l, cos (fI,h)[(1 +sin2 (fI.h» sin (/I.z)+/l.: cos (//.z»)
._ I S"

(
m + I 2m,,) 1 Z3 2= -Z SP 1+--Q, +--h"s·QI + ~_. S QI' (62)
m-I m-I m-13

A study of egns (60) and (62) shows that it is convenient at this stage to lett

Thus, using the Fourier Series expansions given in Appendix B, eqn (60) yields

S" 8m II ~ r,p; cos2 (P,h)
-=-(-1) L. - , , ,.
ct" h ,_I S (ct;-fJ;)·

Returning next to the last boundary condition, we require that

1" "1l r, {' . sL p-2" - 2P; cos (P,h) Sin (P,=) ~
() ,_ I ,s Y S2 +P;

+cos (P.h)[2m - 2-m cos2 (P.h» sin (fl,:) +mp.=cos (P.Z)][S2 -SJS 2+ P;]

8m ~ cos
2

(P,h) . [2 ct; ~J}- h "::-0 (- I)" (ex; -II;) 2 Sin (ex"z) s + 2 -Sy S· +ct; cos (xs) ds

(3) Mo= - 4 h3G Z ; Ixl < c. 1:/ ~ h

(63)

(64)

t An easy way to see that Q, = 0 is to let. in eqn (60),: = h and then use eqn (63) together with the result
in Appendilt A.
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where we have made use of eqns (61) and (63). Furthermore. along Ixl > c and l.r[ = 0
we must require that the complementary displacements. together with their first partial
derivatives. are continuous for all 1.:1 < h. The latter can be accomplished if one considers
the following integral combination to vanish:

i<r-+ cos (xs) ds = 0:
o s'

Ixl > c. (65)

The problem. therefore. has been reduced to that of solving the dual integral equation (64).
(65) for the unknown functions r, subject to the condition (62). But this is plausible for
the r,s are complex

5. SOLUTION OF THE INTEGRAL EQUATION

Seeking a solution of the form

(66)

and employing the method described in Folias (1975). one finds after some straightforward
computations

"" ,I.) {L L /, - 2/1; cos (fI,h) sin (fI,':) 1;'(fl,)+ cos (fJ,Iz)[(2m - 2 - m cos~ (f1,1z)) sin (fl,:)
v_I k-O fJ,~

• 8m ~ /1,' cos
z

(fl,h) . [ • :t,; .J}
+mfJ,.: cos (fJ,.:)jl/(fJ,)- -,;- .'::0 (-I)"·· (ct.r::ji:)~- Sin (ct.n .:) I/(ct.n )+ 2 II'

= - G) I;~fa: i j-+T()+I)!: 1.:1 ~ h (j = 0, 1,2, ... ) (67)

where the integrals I~J have been defined as:

(68)

Similarly, eqn (62), in view of the identity

and eqn (66) yields

,,-
I A;O'a,(:) = 0
,- I

-.:

L A~'la,(:) = 0
v""l

(69)

(70a)

(7Gb)
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x:

L {(2k)A~k)a.(=) - A~k" IIa.(=) +A~k- 1)(P.C)2b.(=)} = 0 (k = 1.2.3•...) (7Oc)
.~ I

where for convenience we have defined

_ _ cos (f3.h).,., 2 . _ _ _
a.(_) = f3. [(_m-_+m cos (f3.h» SIO (f3.-)-mf3,- cos (f3.~)] (71)

and

_ _ cos (f3,h) [ . 2 . _ _ _.,_
b,(_) = -m f3. (l+slO (f3,h»slO(f3._)+f3.~cos(f3._)]+_m_. (72)

Prior to engaging ourselves with any numerical computations. it is wise at this point
to investigate analyticalIy the behavior of the solution of eqn (70a). through the thickness
1.:1 ~ h. However. for convenience. we choose to study its derivative with respect to =. i.e.

"J

L A~l)' cos (fJ,h)[(m - 2+m cos2 (fl.h» cos (11.=) +mfl,.: sin (fl,.:)] = 0; 1=1 < h. (73)
v= I

Defining

C'

lW = L A~ll) cos (Il,h~).
v-I

the above equation may be written in the form

(74)

. . m m
(m-I)[J (I +()+ j(I-O+ - (1-0/'(1 +0 + ,. (I +0/,(1-0 = 0 (75)2 _

where

( == (=/h).

This is a difference-differential equation. the solution of which is

(76a)

where 2FI(' ..) is thc hypergeometric function and the constants Co and G2Jo are to be chosen
so that eqn (67) is also satisfied. Thus considering the first tcrm only. which represents the
dominant part of thc solution. one has:

Similarly.

etc.

'Xl {( )'-"m ( )' 2m}2 '~I A~I) cos (fl.h) cos (fl.=) = C 1 1- ~ .., + I + ~ .- (77)
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The solution, therefore, of eqns (67) and (70a. b. c) will determine the unknown
coefficients A~k) which are functions of (c/h) and Poisson's ratios. However. as we will see
later, one needs only to compute the A~0\, for this is the only coefficient that contributes to

the highest order singularity. Thus, pending a numerical study of this system, the author
in this paper considers the coefficient known.

6. THE STRESS FiElD AHEAD OF THE CRACK

[n the vicinity of the crack tip, the stresses may now be expressed in terms of the
following four types of integrals :t

(78)

(79)

(80)

(8 I)

Unfortunately, the first two integrals we have not as yet been able to evaluate in
dosed form. However. one can show by contour integration that thcy arc of the 0(1:°) as
y -- I: sin 4' and x -+ C + I: cos 4'.

In view of the above and by virtue of eqn (76b), the stresses in the interior portion of
the plate are found to be:

~(c) =
"v:

(86)

t The higher order of Bessel tcnns of eqn (66) contrihutc to strcss tcnns of 0(,' ').
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Fig. :!. The behavior of en/I\) versus (and for Poisson's ratio 1/3.

(1- 2v) . (cP). ] 0+ --"2 - Sin 2" Sin (lM +O(r.)

where for simplicity we have defined

(-h+6· <:: < h-e·), (87)

A == _ 4(I-V)(2G)C
o

.
v (foch

(88)

The reader should noticet that Co is proportional to v and therefore the limit as v .... 0 of
A is finite. Furthermore, the constant Co is related to A~ol through the equation

'f,

" A((II - ')! - 2/"'CL. y - - no
,-I

(89)

We observe now that in the interior layers of the plate the angular distribution of the
stresses is exactly the same as in the corresponding case of the stretching problem (Folias,
1975). Furthermore, our results differ from those obtained by Knowles and Wang (1960)
by a f~tctor of .

(90)

which represents the variation across the thickness (see Fig. 2).
Finally, the author would like to emphasize that the stress field (82)-(87) is valid only

in the interior of the plate, i.e. for all -1I+e· < :: < II-f.·, where e· is some distance away
from the free surface of the plate.

The reason for this is that eqns (82)-(87) reflect only the dominant part of the solution
(76a), i.e. the Co term only. This is the price that one must pay in order to obtain a simple
but analytical expression, On the other hand, if one considers the remaining terms U!n, he
can extend the validity of the stress intensity factor up to a very small boundary layer
adjacent to the free edge.

In general. therefore, the value of 6· depends on the crack to thickness ratio as well as
on the Poisson's ratio v. The author estimates e· to be approximately O.4h.

t See eqn (67). Because of the factor of m on the left·hand side of eqn (67), it is dear that A~O) - (11m).
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Fig. 3. The stress intensity factor versus :ilz for crack to thicknes., ratio of cil. = O.~5.

However. as one approaches the corner point;;: = Ii. or ~ = I. then other terms of the
O(r. I~. ~'If;' I). fl = O. 1.2..... also contrihute to the same order singularity and therefore
must he accounted for. Only then can the stresses IT". r,.: and r,: he shown to vanish at
the plate faces;;: = ±Ii. For the special case of a plate with a cin:ular hole and under the
action of a tensile load. this matter has heen investigated hy Folias and Wang (I 9X5).
Extensive numerical work in that case n:vealcd the presence of a houndary layer etfect in
the neighhorhood of the free surface of the pbte. Moreover, ananalytical asymptotic
solution there shows (see Folias, 19X7) the stress licld to be proportional to p', where
C1. = 1.73959 ±i 1.11902. This result is identical to that obtained by Williams (1952) for
a 90' material corner with free-free of stress boundaries. It is also of interest to notc
that all stresses, except !,,,. exhibit the same order of singularity in the neighborhood of
the corner point.

Returning next to eljns (82)-(87), the value of A can easily he calculated from eqns
(67) and (70). Without going into the details, the stress intensity factor across the thickness,

2.00
"'0

175 T
28 i
I y

I

150 I /
-_x 2L /

-I2Ci- I FOlias~/
125 I

~
I

b..L

b.l:l 100 "'0......
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0.50 c/h =1.00
v =1/3

0.25 (A/2)=229

0.00
00 0.2 04 0.6 08 10

~ = z Ih

Fig. 4. The stress intensity factor versus :/Iz for crack to thickness ratio of ("!Iz = 1.00.



Fig. 5. The stress intensity ractor versus ::;h ror crack to thickness ratio or elh = 3.00

as given by eqns (82)-(87). is plotted in Figs 3. 4 and 5 for a Poisson's ratio of v = 1/3 and
various crack to thickness ratios. t

Recently. the problem of a plate with finite plate dimensions was independently inves­
tigated by Iyengar ('I al. (1988). The authors in their analysis use the same method for the
construction of the solution with the exception that the details are carried out in cylindrical
coordinates. In fact. one may extract the solution in cylindrical coordinates directly from
the general solution of this paper (see Appendix B). This establishes. therefore. the parallel
character of the two solutions. A comparison of the analytical results [eqns (82)-(87)] with
those of Iyengar l'1 III. (1988) shows an excellent agreement up to 60--70% of the plate
thickness. Beyond this range, the analytical results begin to deviate. for, as was pointed out
previously, they represent only the dominant term of the =-dependency. In fact, if one takes
into account the remaining terms,: the results tend towards those obtained by Iyengar el
aI., which are compatible with those found by the author in the case of the hole (Folias el
Ill., 1985).
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t By solving numerically the system (67) and (70).
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APPENDIX A
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APPENDIX B

Alll'rnale ji,rm of Ihl' .ql·ne",l soluli""
The displacement and stress lields due to hending may also he written in the following more convenient form.
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where we h;ave i1ssullled th;at I, and I: are 2-D h;armonic functions and that /I, and H. satisfy the 2-0 equations

and

Notice th;at in cylindrical coordinates, the equation for H. reads

the solution of which is

.~

II. = L {A,I.. Ii :(p.r)+B,K.. ,/:(p.r)} e'(HII2I.
'_0

which solulion is compatible wilh Ihat reported by Iyengar <'I ,iI. (l<Jllll),


